We study some convergence of two kinds of implicit iteration processes for approximating common fixed points of a pseudo-contractive semigroup in uniformly convex Banach spaces with uniformly Gateaux differential norms. As special cases, we get some convergence of the implicit iteration processes for approximating common fixed points of a nonexpansive semigroup in uniformly smooth Banach spaces and give a positive answer to an open problem proposed by Xu in Bull. Austral. Math. Soc. (2005). The results presented in this paper generalise some corresponding results from
INTRODUCTION
Let E be a real Banach space with the dual space E* and ./ : E ->• 2 E ' be a (i) J is single-valued if E* is strictly convex;
(ii) E is uniformly smooth if and only if J is single-valued and uniformly continuous on any bounded subset of E.
Let if be a nonempty closed convex subset of E. A mapping T : K -> K is said to be (i) nonexpansive if
\\Tx-Ty\\^\\x-y\\, Vx,y £ K; 442 X-S. Li and N-J. Huang [2] (ii) Obviously, the mapping T is pseudo-contractive if and only if the mapping A = I -T is accretive on if, where 7 is an identity mapping (see [2, 4] ); pseudocontractive mappings are more general than nonexpansive mappings.
A pseudo-contractive semigroup is a family
T := {T(t) : t > 0}
of self-mappings on K such that (4) for each x € K, the mapping T(-)x from i i + into K is continuous.
If the mapping T(t) in condition (3) is replaced by (3)' T(t) is nonexpansive for each t ^ 0;
then F := {T(t) : £ ^ 0} is said to be a nonexpansive semigroup on K.
We denote by F(T) the common fixed point set of a pseudo-contractive semigroup F; that is,
F(r) = n teR +F(T(t)) = {x€K:T(t)x
= x for each t > 0}. [3] Strong convergence theorems 443
An interesting work is to extend Browder's and Reich's results to semigroups. Recently, Suzuki [9] firstly introduced and studied the following implicit iteration sequence constructed from a nonexpansive semigroup in Hilbert space, for any given u e K,
where a n € (0,1), and obtained the convergence theorem under certain appropriate assumptions imposed on t h e parameters {<*"} and {£"}. Very recently, Xu [12] On the other hand, Xu and Ori [13] introduced the following implicit iteration process constructed from a finite family of nonexpansive mappings in Hilbert space, for any given x 0 6 K, (1) (2) (3) x n = a n z n -i + (1 -a n )T n x n , Vn ^ 1, where T n = T n ( modN ) and a n G (0,1). Furthermore, Osilike [6] extended the results of Xu and Ori [13] from the class of nonexpansive mappings to the more general class of Lipschitzian pseudo-contractive mappings. It is also an interesting work to extend Osilike's results to semigroup. Thus, we introduce the following implicit iteration process constructed from a pseudo-contractive semigroup T := {T{t) : t ^ 0} in a real Banach space, for any given x 0 e K, (1) (2) (3) (4) in = a n x n _! + (1 -a n )T{t n )x n , Vn ^ 1,
where T(t n ) 6 T and a n 6 (0,1).
In this paper, we study the convergence of the implicit iteration process (1.2) constructed from the pseudo-contractive semigroup F := {T(t) : t € if [4] Banach spaces with uniformly Gateaux differential norms. As a special case, we obtain the convergence of the implicit iteration process for approximating the common fixed point of the nonexpansive semigroup in uniformly smooth Banach spaces, which gives a positive answer to Problem X proposed by Xu [12] . We also study the convergence of the implicit iteration process (1.4) constructed from the pseudo-contractive semigroup F in uniformly convex Banach spaces with uniformly Gateaux differential norms. The results presented in this paper generalise some corresponding results in [6, 9, 12] .
PRELIMINARIES
A real Banach space E is said to have a weakly continuous duality mapping if J is single-valued and weak-to-weak* sequentially continuous (that is, if each {x n } is a sequence in E weakly convergent to x, then {J(x n )} converges weakly* to J{x)). Obviously, if E has a weakly continuous duality mapping, then J is norm-to-weak* sequentially continuous. It is well known that l p (1 < p < oo) posesses duality mapping which is weakly continuous (see, for example, [12] ).
Let l°° be the Banach space of all bounded real-valued sequences. A Banach limit LIM (see [10] ) is a linear continuous functional on l°° such that
for each t = {h,t2,...) e l°°. If LIM is a Banach limit, then it follows from [10, Theorem 1.4.4] that liminf t n < LIM(t) ^ limsupi n for each t = (t u t 2 ,...) el°°. A Banach space E is said to satisfy Opial's condition if whenever {x n } is a sequence in E which converges weakly to x, then limsup ||x n -x|| < limsup ||x n -y\\ n-»oo n-+oo for all y € E with y ^ x. It is well known that every Hilbert space satisfies the Opial's condition (see, for example, [5] ). A mapping T with domain D(T) and range R(T) in E is said to be demiclosed at a point p E E if whenever {x n } is a sequence in D(T) which converges weakly to x 6 D(T) and {Tx n } converges strongly to p, then Tx = p.
For the sake of convenience, we restate the following lemmas that shall be used. 
, where B T = {x € E : \\x\\ ^ r}.
MAIN RESULTS
We first discuss the convergence of implicit iteration process (1.2) constructed from a pseudo-contractive semigroup T := {T(t) : t > 0}. 
PROOF: Let
T n x := a n u + (1 -a n )r(t n )x, Vn ^ 1.
we know that T n is strongly pseudo-contractive and strongly continuous. It follows from Lemma 2.1 that T n has a unique fixed point (say) x n € K, that is, {x n } generated by (1.2) is well defined. Taking p € F(r), we have \\x n -p\\ 2 = a n (u -p,j{x n -p)> + (1 -a n )(T(t n )x n -T{t n )p,j{x n -p)> < a n \\u -p\\ \\j(x n -p)\\ + (1 -a n )||x n -p|| 2 = a n ||u-p||||x n -p|| + (l-a n )||x n -p|| [6] and so ||x n -p\\ < ||u -p||. This means {x n } is bounded. By the Lipschitzian condition of T, it follows that {T(t n )x n } is bounded. Therefore, (3.1) ||x n -T{t n )x n \\ = a n \\u -T{t n )x n \\ -> 0.
For any given t > 0, 
. Let E be a uniformly convex Banaci space with the uniformly Gateaux differential norm and K be a nonempty closed convex subset of E. Let F := {T(t) : t G R + } be a strongly continuous L-Lipschitzian semigroup of pseudocontractive mappings and {x n } be generated by (1.2). If the following conditions hold:
(1) lim ( a n / t n ) = lim *" = 0; n-too n-t-oo (2) LlM\\T{t)x n -T(t)x*\\ < LIM||z n -x*||, Vx* € C,t 6 /?+, wiere C := {x* e A" : $(x*) = min$(x)} with *(ar) = LIM ||x n -x|| 2 for aii x € AT; tien {x n } converges strongly to a member ofF(T). P R O O F : From Theorem 3.1, we know that {x n } is bounded and lim ||x n -T(<)x n || n-KM " " = 0. It is easy to see that C is a nonempty bounded closed convex subset of K (see, for example [11] ). Now, we show that there exists a common fixed point of F in C. For any t e R + and x ' € C, it follows from lim ||x n -T(t)x n \\ = 0 that Next, we prove that C is a singleton. In fact, since E is uniformly convex, by Lemma 2.3 that there exists a continuous and strictly increasing convex function g : [0, co) -* [0, oo) with g(0) = 0 such that, for any x\ and x*. € C,
h -
Taking Banach limit LIM on the above inequality, it follows that
his implies x\ = i j and so C is a singleton. Therefore, (3.2) implies that there exists x' eC such that x' G F(r).
For any p € F(F), from (1.2), we have
Furthermore, for any t € (0,1), by Lemma 2.2, we have
For any e > 0, since E has a uniformly Gateaux differential norm, we know that J is norm-to-weak* uniformly continuous on any bounded subset of E (see, for example, [10, pp. 107-113] ) and so there exists sufficient small 8(e) > 0 such that
This implies that
By the arbitrariness of e, it follows that
Adding inequalities (3.4) and (3.5), we have
This implies that there exists subsequence {x nj } C {x n } which converges strongly to x*. From the proof of (3.6), we know that LIM||i n , -z*|| 2 ^ 0 for any subsequence {i n ,} C {i n } and so there exists subsequence of {i n ,} which converges strongly to i*. If there exists another subsequence {i n t } C {i n } which converges strongly to y*, then it follows from Theorem 3.1 that y' £ F(F). From (3.3), we have
This implies that ||i* -y*|| 2 ^ 0 and so i* = y*. Therefore, {i n } converges strongly to x* € F(T). This completes the proof. REMARK 3.1. If E is a uniformly smooth Banach space, then E has the uniformly Gateaux differential norm. Thus, Corollary 3.1 gives a positive answer to Problem X proposed by Xu [12] .
THEOREM 3 . 3 . Let Ebea uniformly smooth Banach space and K be a nonempty closed convex subset of E. Let T := {T(t) : t e it
P R O O F : For the nonexpansive semigroup F, condition (2) of Theorem 3.2 is trivial and so formula (3.2) holds. Since uniformly smooth Banach space E has the fixed point property for nonexpansive mapping T(t) (see, for example, [11] ), T(t) has a fixed point x* € C n F(T). The rest proof is similar to the proof of Theorem 3.2 and so we omit it. This completes the proof. D REMARK 3.2. Theorem 3.3 gives a positive answer to Problem X proposed by Xu [12] in a uniformly smooth Banach space E without the uniform convexity. 
then {x n } converges strongly to a member ofF(T).
PROOF: From the proof of Theorem 3.1, we know that {x n } is bounded and so there exists subsequence {x nj } C {x n } which converges weakly to some point x* G K. By Theorem 3.1, we have n lim||x n -T(t)x n ||=0. It follows from [2, Theorem 3.18b] that / -T(t) is demiclosed at zero for each t G R + , where / is an identity mapping. This implies that x* G F(T).
In addition, from (1.2), we have ||x n -x*|| 2 = a n (u -x',x n -x m ) + (1 -a n )(T(t n )x n -x*,x n -x*> a n (u-x',x n -x') + (l-a n )||x n -x'|| 2 ||T _ T'II 2 < lii -r* r -r* \\x n -x || ^ \u -x , x n x and so
This implies that {x nj } converges strongly to x* € ^(F). Similar to the proof of Theorem 3.2, it is easy to show that {x n } converges strongly to x* e ^(r). This completes the proof. D REMARK 3.3. Theorem 3.4 extends the results of Suzuki [9] and Xu [12] from nonexpansive semigroup to pseudo-contractive semigroup in real Hilbert spaces.
Now we turn to discuss the convergence of implicit iteration process (1.4) for approximating the common fixed point of the pseudo-contractive semigroup F := {T(t) : t ^ 0}. 
member of F(T).
PROOF: For the nonexpansive semigroup F, condition (2) of Theorem 3.2 is trivial and so formula (3.2) holds. Since uniformly smooth Banach space E has the fixed point property for nonexpansive mapping T(t) (see, for example, [11] ), T(t) has a fixed point I ' e C f l ^(F). The rest proof is similar to the proof of Theorem 3.5 and so we omit it. This completes the proof. D P R O O F : From Theorem 3.5 and the fact that / -T(t) is demiclosed at zero for each t 6 R + , we know that {x n } is bounded and so there exists subsequence {x ni } C {x n } which converges weakly to some fixed point i* € ^(F). Suppose there exists another subsequence { i n t } C { i n } which converges weakly to y* £ ^(F) with y* ^ i*. Since lim ||i n -y* || exists and Hilbert space E satisfies Opial's condition, it follows from the n-*oo standard argument that y' = x*. Thus, {i n } converges weakly to a member of F(T). This completes the proof. D REMARK 3.4. Theorems 3.5 and 3.7 extend the corresponding results of Osilike [6] from the finite family of pseudo-contractive mappings to the pseudo-contractive semigroup.
